EMBEDDABILITY OF SOME STRONGLY PSEUDOCONVEX CR MANIFOLDS 



G. MARINESCU AND N. YEGANEFAR 



Abstract. We obtain an embedding theorem for compact strongly pseudoconvex CR man- 
ifolds which are bounadries of some complete Hermitian manifolds. We use this to compact- 
ify some negatively curved Kahler manifolds with compact strongly pseudoconvex boundary. 
An embedding theorem for Sasakian manifolds is also derived. 



1. Introduction 

A natural question in the study of CR manifolds is the embeddability question: given a 
strongly pseudoconvex CR manifold X, do there exist an integer A'^ and a smooth embedding 
M ^ such that the CR structure on X is the one induced from the complex structure 
on C^? It is known that the embedability of X is equivalent to the fillability, that is the 
existence of a compact complex manifold T with strongly pseudoconvex boundary, such 
that dT = X. Indeed, Harvey-Lawson's theorem |HL75| shows that X is fillable if it is 
embeddable. Conversely, if X is fillable and dT = X, a theorem of Grauert IIGra62l shows 
that T can be taken to be a Stein space with isolated singularities, and one can apply the 
embedding theorem of Remmert-Bishop-Narasimhan IINar60ll . 

By a theorem due to Boutet de Monvel |BdM75l|, any compact {2n— 1) -dimensional 
strongly pseudoconvex CR manifold is embeddable in some C'^ if its dimension is greater 
than or equal to five (n ^ 3). On the other hand, there is a classical example of H. Rossi 
IIRos65l (see also f Bur79l . IIFal9 2T) which shows that an arbitrarily small, real-analytic per- 
turbation of the standard structure on the three-sphere may fail to be embeddable. There 
exists an extensive literature on the embeddability of deformations of CR structures, see e.g. 
J. Bland and C . L. Eps tein IIBE96L D. M. Bu rns and C. L. Epstein |BE90|, C. L. Epstein and 
G. M. Henkin IIEHOOL L. Lempert fLem951. 

Our goal is to get embedding theorems for compact strongly pseudoconvex CR manifolds, 
which are already boundaries of non-compact strongly pseudoconvex complex manifolds 
(see Definition 13. II) . The complex manifolds we consider are complete Hermitian manifolds 
with an additional assumption on the spectral properties of the operator d+d acting on 
square integrable forms. Our main technical result is the following theorem: 

Theorem 1.1. Let M be a complex manifold with compact strongly pseudoconvex boundary 
and of complex dimension n^ 2. Assume that IntM has a complete Hermitian metric such 
that (d + d )^ is Fredholm in bidegree (0,1). Then there exists a CR embedding of the 
boundary dM in for some integer N. 

We then give two applications of this result. The first one concerns manifolds with pinched 
negative curvature and compact strongly pseudoconvex boundary. 
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Theorem 1.2. Let M be a connected complex manifold with compact strongly pseudoconvex 
boundary and of complex dimension n^2. Assume that IntM is endowed with a complete 
Kdhler metric with pinched negative curvature, such that away from a neighborhood ofdM, 
the volume ofM is finite. Then 

(1) dM is embeddable in some C^. 

(2) M can be compactified to a strongly pseudoconvex domain in a projective variety by 
adding an exceptional analytic set, that is, there exists a compact strongly pseudo- 
convex domain D in a smooth projective variety and an embedding h.M-^D which 
is a biholomorphism between IntM and h{lntM), h{dM) = dD, and D \ h(M) is an 
exceptional analytic set which can be blown down to a finite set. 

This is a generalization of [SY82 , Main Theorem] in the case when a strongly pseudocon- 
vex end is allowed. The method follows [NR981 and consists in filling dM with a Stein space 
S (this is granted by Theorem ll.il) and using a theorem of Lempert IILem951 Theorem 1 .2] to 
embed 5 in a projective variety X. The complement Y :=X \ S can be glued to the original 
manifold M to construct a projective pseudoconcave manifold M. By using the results of 
IIAnd 63 1 we can compactify this manifold and by IISY82II or IIMD021 the complement of M 
is an exceptional analytic set. 

As a consequence we study some quotients of the unit complex ball B in C" which where 
considered by Burns and Napier- Ramachandran [NR98, Theorem 4.2]. 

Corollary 1.3. Let T be a torsion-free discrete group of automorphisms of the unit ball B 
in £?■ and let M = B/Y. Assume that the limit set A is a proper subset ofdB and that the 
quotient {dB \ A)/r has a compact component A. Let E be the end of M corresponding 
to A and assume that M \ £ has finite volume. Then A is embeddable in some and M 
can be compactified to a strongly pseudoconvex domain in a projective variety by adding an 
exceptional analytic set. 

In ||M198 I the case n ^ 3 is considered and it is shown that the volume of M \ £ is 
automatically finite. Indeed, if n ^ 3, dM is embeddable by IIBdM75Tl and the method de- 
scribed above, combined with the holomorphic Morse inequalities of IINT88L show that 
vol(M \ £■) < oo. Napier and Ramachandran also remark I.NR9 8 . Remark, p. 392] that one 
could prove an analogue of Corollary [T3] in the case n ^ 3, by using the techniques of Siu- 
Yau llSY82t . 

Our second application of Theorem ll.ll is an embedding result for Sasakian manifolds (the 
definition of this particular class of strongly pseudoconvex manifolds will be given in §5). 
Let X be a Sasakian manifold. In |BH02|, O. Biquard and M. Herzlich construct a Kahler 
metric on the product (0,oo) x X, called asymptotically complex hyperbolic. X can then be 
viewed as the pseudoconvex boundary of some Kahler manifold, and therefore our technique 
can be applied to prove 

Theorem 1.4. Let X be a Sasakian manifold of dimension at least 3. Then there is a CR 
embedding ofX in for some integer N. 

This paper is organized as follows. In §2, we disscuss the Hodge decomposition for the 
space of square integrable forms. In §3-4, we prove Theorem 11.11 and fL2l Finally in §5, we 
review some basic facts about Sasakian manifolds, explain the construction of asymptotically 
hyperbolic manifolds, and prove Theorem ll.4l 

2. Hodge decomposition 

Let {M,g) be a complex complete Hermitian manifold. For any integers p and q, we 
denote by Cq'^{M) the space of smooth (p,^) -differential forms with compact support, and 



by L2^{M) the space of square integrable {p,q)-forms. Now consider the operator d + d , 
where d acts as an unbounded operator on square integrable forms, and d is the Hilbert 
space adjoint of d. The L2-kernel JifP'^{M,g) of 3 + 3 is by definition the space of L2 
harmonic (p,^)— forms. In order to solve the 3-equation, one is primarily interested to know 
whether J^P'^{M,g) is finite dimensional and d has a closed range as an unbounded operator 
acting on L2-forms. For example, this is the case if 3 + 3 (or equivalently □ := (3 + 3 )^) is 
Fredholm on its domain. It is well known that we he have the following characterization of 
Fredholmness (see for example |Ang93| ). 

Proposition 2.1. The operator (3 + 3 Y is Fredholm in bidegree {p, q) if and only if we have 
a Poincare inequality at infinity: there exist a compact subset K ofM and a constant C > 
such that 

(2.1) 'iuecP^\M-^K)x\\u\\l,^\\M\l2 + \\^*^\\l2- 

Our discussion applies to weighted spaces too. Namely, let ^ : M — M be a smooth func- 
tion defined on M, and let L2^(M) be the Hilbert space completion of Cq*{M) with respect 
to the weighted norm 

ll^ll/.t = / l"l^^^^dvg, 
II 11L2.5 I ^g, 

where dvg is the Riemannian measure. The operator 3 acts as an unbounded operator on 
L2^(M), and its adjoint is denoted by 3^; we have 

3^ = e^3 e^^. 
The space of (3 + 3^) -harmonic {p,q) forms is 

J^P^'^iM.g) = {ue L5|(M) : du = dlu = 0}. 
A key property of Fredholmness is the following: 

Proposition 2.2. Let {M, g) be a complete Hermitian complex manifold. Assume that 3 + 3^ 
is Fredholm in bidegree {p,q)- Then ^^"^{M^g) is finite dimensional, and we have the 
following strong orthogonal Hodge decomposition 

(2.2) LJI = J^{'\M,g) ©Im(3 : Lff-^ Lf|) ©Im(3^ : L^p . 

For the proof of Theorem 1 1.21 we need the following example of manifolds for which the 
operator (3 + 3 )^ is Fredholm at certain degrees. 

Proposition 2.3 (Gromov). If{M, g) is a complete Kdhler manifold whose fundamental form 
is d(bounded) (at least outside a compact subset) in the sense of Gromov, the operator (3 + 
3 )^ is Fredholm in bidegree (p^q), ifp + qj^ dimc(M). 

Recall that the hypothesis means that for a bounded 1— form T], the fundamental form CO 
of the metric g satisfies (O = dr\ outside a compact subset K. Then the method of proof of 
IIGro911 Theorem 1.4. A], using the Lefschetz decomposition theorem, shows that for some 
constant C > depending only on the dimension of M and the bound on the norm of T], we 
have 

\/p + q^ dimc(M), Vm G C^'^(M \ K) , C\\u\\l^ ^ (Aw, u)l2 = 2 (Dm, m)l2- 

Here, the last equality is a consequence of the Kahler assumption, for we then have A = 20, 
and after integrating by parts, we get the estimates of (12.11) . 



3. Embedding of some strongly pseudoconvex CR manifolds 



The aim of this section is to prove Theorem ll.il We first review the notion of CR structure 
and complex manifold with strongly pseudoconvex boundary. In Lemma l331 we construct 
a complete metric and a suitable weight ^ on a strongly pseudoconvex subdomain Q.o of M, 
such that the operator (d + d^)^ is Fredholm in bidegree (0, 1). Then Lemma l34l provides 
peak holomorphic functions at dQ.o. We use these peak functions in the proof of Theorem 
fOin order to fill and then dM. 

Let Q.he a strongly pseudoconvex domain in a complex manifold M. From the complex 
structure of M, we can build on the boundary ofQ.a partial complex structure which is called 
a Cauchy-Riemann or CR structure. More generally, let 7 be a smooth orientable manifold of 
(real) dimension (2n — 1 ) . A CR structure on 7 is an (n — 1 ) -dimensional complex subbundle 
H(^i Q^Y of the complexified tangent bundle TcY such that 

and such that i^^(i,o) is integrable as a complex subbundle of TqY (i.e. if u and v are sections 
of //(I 0)7, the Lie bracket [m, v] is still a section of 0)7). 

If 7 is a CR manifold, then its Levi distribution H is the real subbundle of TY defined by 
H = Re{H(^i Q^Y ©//(I 0)^}- There exists on H a complex structure J given by J{u + u) = 
\/^{u — u), with u G //(i 0)^- As 7 is orientable, the real line bundle C T*Y admits 
a global nonvanishing section 0. The CR structure is said to be strongly pseudoconvex if 
dQ{.,J.) defines a positive definite metric on H. Notice that in this case, A (dQ)"^^ ^ 0, 
and defines a real contact structure on 7. 

We need the notion of complex manifold with strongly pseudoconvex boundary. 

Definition 3.1. A complex manifold M with strongly pseudoconvex boundary is a real man- 
ifold with boundary, of dimension 2n, satisfying the following conditions: (i) the interior 
IntM = M \ dM has an integrable complex structure and (ii) for each point x E dM there ex- 
ist a neighborhood U inM, a strongly pseudoconvex domain D C C" with smooth boundary, 
and a diffeomorphism h from U onto a relatively open subset h{U) such that h{dU) C dD 
and h is biholomorphic from IntU tolnth{U). 

From this definition we infer: 

Consequence 3.2. The complex structure induces an integrable Cauchy-Riemann structure 
on the boundary dM. Moreover, if dM is compact, there exists a defining function cp : M ^ 
(— oo, c] such that dM = {cp = c}, with the properties: (1) its Levi form is positive definite on 
the holomorphic tangent space of dM and (2) cp is strictly plurisubharmonic on {cq < cp < c}. 
We can assume that cq <Q <c and that is a regular value of (p and consider the strongly 
pseudoconvex domain = {9 < 0}- 

For the lemmas leading to Theorem ll.il we construct a smooth function X : (—0°, 0) M-|- 
such that ?i = in a neighborhood of —0° and ?i' > 0, > in a neighborhood of 0. We 
will impose two conditions on the growth of X near 0. Let < 5 < C be two constants and 
let \|/ : f^o ^ M be a smooth function such that 

iif= / + on{(p>-6}, 
^ \ on {(p < -C} . 

First, we may choose X such that 



(3.1) 



Lemma 3.3. Assume that M can be endowed with a complete Hermitian metric such that 
the operator (3 + 3 )^ is Fredholm in bidegree (0, 1). Then there exists on Q.o a complete 
Hermitian metric (sending the boundary at infinity) for which the weight e^'^('P) is integrable 
near the boundary and the operator {(^ + (^x{<f))^ Fredholm in bidegree (0, 1). 

Proof. Consider the complete metric g on Q.q obtained by gluing the original metric of M 
with the Kahler metric defined near the boundary 3^0 by the Kahler form 

03 = -v^^33log(-(p), 

^ — J 33(p ^ ^ — - 3(p A 3(p 



9 9^ 

Strict plurisubharmonicity of cp ensures that (O is positive. Near the boundary, the volume 
of g behaves like 0((-(p)-("+i)) (see e.g. [ |Yeg04| Lemma 4.2]), so that = (-(p)"+2 
is integrable around cp = 0. By (13.11) . e^^(*P) ^ e~^, hence e^^('P) is also integrable around 
(p = 0. 

We now prove that the operator (3 + associated to this metric is Fredholm in bide- 

gree (0, 1). We have to show that the estimates (12.11) hold for smooth (0, 1) -forms which are 
compactly supported at infinity. 

If we are sufficiently far from the boundary dQ.o, then the new metric is equal to the 
original metric of M, and the weight e^^(*P) is identically one. Therefore, by assumption 
and by Proposition 12.11 these estimates are valid for forms with compact support in Q.o, 
sufficiently far from the boundary 3^0- 

It remains to prove (12.11) for a (0, l)-form u with compact support near the boundary, i.e. 
in {cp > —5}. We shall use the Bochner-Kodaira formula. We endow the trivial line bundle 
E = QqxC with the Hermitian metric h = e^'^^^\ Consider the holomorphic vector bundle 
£ = £ (g) A'TM. We denote hy r^: A^'^T*M®E ^ A''^^T*M'S)E,u^ w the natural isometry 
which sends a (0, l)-form with values in £ to a (n, l)-form with values in E. 

To avoid excessive subscripts, we will drop X((p) from the notation, and write e.g. 3 
instead of d^^^y For a (0, l)-form u with compact support, we have 

(3.2) ||3Mf +||3*m||2 = ||3Mf + ||3*Mf 
By the Bochner-Kodaira formula for the (n, l)-form a we have 

(3.3) \\duf + \\Tuf^ (^[V^@{E),A\u,u^ 
where 

V^@{E) = v^0(£) +Rica) = v^33?i((p) +Ric(0 

is the curvature of E, Ric (0 is the Ricci curvature and A is the interior product with (0. Since 
M is of bidegree (n, 1), relations (13.21) and (13.31) imply 

(3.4) ||3Mf + ||3*Mf ^ (^\^&{E)AAu,'uj = (^(v^33?i((p)+Ric(o) AAu.uj 

Since 33?i((p) = ?i'((p)33cp + V(cp)3cp A 3cp we can choose X increasing enough so that 

(3.5) v^33X((p)+ Ric (0^(0 

in a neighborhood {cp > —5} of 3^0- Estimates (13.41) and (13.51) entail 

(3.6) ||3m||^-H ||3*m|P ^ (coAAm,^) ^ \\u\\^ = \\u\\^ . 

for u supported in {cp > —6}. This finishes the proof of the lemma. □ 



The following result is the analog of IIMD02i Corollary 2.6]. 



Lemma 3.4. Assume that M can be endowed with a complete Hermitian metric such that 
the operator (3 + 3 Y is Fredholm in bidegree (0, 1). Let p be a point of the boundary dQ,o, 
and f a holomorphic function defined in a neighborhood of p such that {f = 0} r\Qo = {p}. 
Then for any m big enough, there exist a function g G 0{D.q) nC°°{Q.o \ {p}), a smooth 
function ^ on a neighborhood V of p, and constants ai, . . . such that 

l+am-if + .-. + aif'^-' , ^ 
s = Jk +^ 

onV n Qq. In particular, we have lim^^p \§{z) \ =oo. 

Proof We follow the same line of reasoning as in IIMD021 Corollary 2.6] with only minor 
changes. For £ > 0, set 

^2e = {(p<e}, 

and choose 8 small enough so that Q.^ is strongly pseudoconvex. Replacing Q.o by Q.^ in 
Lemma l331 we can find a complete metric g on Q.^ and a suitable function ^ : ^ M, of 
the form ^ = X((p — e), with the properties stated in that lemma. By Proposition l2.2l we have 

(3.7) Ker(a:Lj^(ae) ^Lj2(f2e)) =^^o,i(^^^^^g3jj^(3.^o,0(^^^ ^LO;^(ae)), 

and 

(3.8) dim(Jr^°'^(^2e,g))<oo. 

Now, let [/ be a small neighborhood of p where / is defined, and let \|/ be a smooth function 
with compact support in U, such that \|/ = 1 in a neighborhood V of p. Set 

h,„ = \\f/f"' on t/ and on M \ [/ 

and 

Vfn = on y and on A/\ y. 
If £ is sufficiently small, Vm is smooth on Q.^, with compact support (not disjoint from the 
boundary). In particular, as the weight e^^ is assumed to be integrable near v,n is in 
L2^(f2e). Moreover, we have dvm = on fig. By (13.71) and (13. 81) . the codimension of the 

image Im(3 : ^ ^) in the kernel Ker(3 : L^^ — > ^) is finite, so that for every m big 
enough, there are constants ai , . . . , a„,_i such that v = v,„ + am-iVm-i + . . . + ai vi belongs 
to this image. Hence there is a function 4>' such that 34>' = — v, and by elliptic regularity, 
4>' is smooth on Q.^. Set h ~ hm + cim-ihm-i + ■ ■ ■ +a\h\ and g = /? + 4>'. Then 3^ = on 
^z'^if = 0}, g E {Q.o) n C°°{Q.o \ {p}), and the function 4> in the lemma is equal to 
ony. □ 

We can now prove Theorem ll.il 



Proof of Theorem UJ] Let us consider a strictly plurisububharmonic function cp as in Conse- 
quence lT2l Let £ G (0, c) be sufficiently small. By Lemma l34l we can construct peak holo- 
morphic functions for each point of dQ.^ = {cp = £}. Using this fact, it is shown in I MD021 
Proposition 3.1] that if 5 > is sufficiently small, the holomorphic functions on {cp < £} 
separate points and give local coordinates on {£ — 5 < cp < £}. By the method of IIAS70L 
Proposition 3.2] (see also |'MD02, §3]) there exists a compact Stein space S with boundary 
(and with at most isolated singularities) and an embedding of {£ — 5 < cp < £} as an open 
set in S such that 35 = {cp = £}. By gluing {£ - 5 < cp < c} with S along {£ - 5 < cp < £} 
we obtain a Stein space S' with boundary {cp = c}. Using IIHeu86[ Theorem 0.2] (see also 



Ohsawa fOhs84|) the space S' can be embedded as a domain with boundary in a larger Stein 
space S" such that dS' is a hypersurface in S". By the embedding theorem of Remmert- 
Bishop-Narasimhan |Nar60|, S" admits a proper holomorphic embedding in for some 
A'^. Restricting this embedding to dS' = {cp = c} = dM we obtain the conclusion of the theo- 
rem. □ 



4. COMPACTIFICATION OF MANIFOLDS WITH PINCHED NEGATIVE CURVATURE 

Let us first of all review some standard facts about manifolds with pinched negative cur- 
vature (see the works Eberlein [Ebe80| and Heintze-Im Hof [HIH771, or the book IIBGS85II ). 
Thus, let {X,g) be any complete manifold with pinched negative sectional curvature o, that 
is, we assume that there are positive constants a and b such that 

-b^ < 0. 

For a compact subset K of X, an unbounded connected component of X \ ^ is called an 
end of X (with respect to K). If C K2 are two compact subsets, the number of ends with 
respect to ^1 is at most the number of ends with respect to K2, so that we can define the 
number of ends of X. Namely, X is said to have finitely many ends if for some integer k, 
and for any K C X, the number of ends with respect K is at most k. The smallest such k is 
called the number of ends of X, and then there exists Kq C X such that the number of ends 
with respect to ^0 is precisely the number of ends of X. If no such k exists, we say that X 
has infinitely many ends. 

Let E be an end of X, and assume that E has finite volume. E is called a cusp and is 
diffeomorphic to a product (0, 0°) x E where E is a connected closed manifold. The slices 
{t} X E are the level sets of a Busemann function r associated to E. Moreover, the metric 
restricted to E is given by 

g\E = dr^ + hr, 

where hr is a family of metrics on E. Finally, standard Jacobi field estimates show that for 
all r, we have e^^^iQ ^ e^"'^ho. 

Proof of Theorem 17721 For the proof of 1), we shall prove that the hypothesis of Theorem ll.il 
are fuUfiled. 

Let [/ be a neigbourhood of dM such that M \ U has finite volume. Then M has 
finitely many ends, each of them being a cusp. 

Using the Busemann functions associated to each of these cusps, it is shown for example 
in [ |Yeg04D Lemma 3.2] that the Kahler form of the metric is J(bounded) on each cusp. Let 
us explain the details of the construction. Let £ be a cusp of M, and let r be a Busemann 
function associated to E such that E is diffeomorphic to a product (0, 0°) x E, with E a closed 
connected manifold. Let % be the flow of the gradient Vr of r. If x = {s,y) is a point of 
(0, 00) X E, we simply have 

The properties of the differential of this flow are well understood. First, for x G E,we have 
dx^t{'^r{x)) = Vr((p/(x)). Let m be a tangent unitary vector at x, and orthogonal to Vr. Then 
t dx%{u) is a stable Jacobi field along the geodesic t {s + t,y), orthogonal to Vr, and 
is equal to m at ? = 0. As the sectional curvature is less than or equal to — a^, the classical 
estimates on Jacobi fields IIHIH77II show that 

\dMu)\^e-'". 



Now, if CO is the Kahler form of the metric, it is closed, so that by Cartan formula, we have 



Jo 

By using the estimate of the differential of we can take the limit as t goes to infinity and 
get that CO = Jri on the cusp E, with 



The same estimate imply that r\ is bounded. 

From Proposition l2.3l it follows that {d + d )^ is Fredholm in bidegree (0, 1) . By Theorem 
ll.ll this achieves the proof of 1). 

We consider conclusion 2). The first observation is that M can be compactified, which al- 
lows the use of the extension theorem of Kohn-Rossi. Indeed, let £1 , . . . , be the cusps of 
M \U. We fix some end Ej and consider the associated Busemann function r : Ej (0, 0°) . 
It follows from P SY821 Proposition 1] that — r : Ej (— oo,0) is a strictly plurisubharmonic 
proper function (note that for the Busemann function, Siu and Yau use the opposite sign con- 
vention). From Lemma l34l for Q.o ~ {— r < c}, c < 0, we infer as in the proof of Theorem 
ll.ll that each strip {c < —r < 0} can be compactified to a Stein space with isolated singular- 
ities Sj^c- By the uniqueness of the Stein completion IIAS701 Corollary 3.2] all spaces Sj^c, 
c < 0, are biholomorphic to a fixed Stein space Sj. Letting c — > we see that Ej is biholo- 
morphic to an open set of Sj. Therefore all ends of M \ t/, and together with them also M, 
can be compactified. 



In particular, the Kohn-Rossi theorem IIKR65I shows that every holomorphic function 
defined in a neighborhood of dM extends to a holomorphic function on M. As a by-product 
we obtain that dM is connected. 

The next step is to glue M to a pseudoconcave projective manifold. Since dM is embed- 
dable in we can apply IILem951 Theorem 1.2] which allows to assume that the Stein space 
S" constructed in the proof of Theorem ll.ll is an open set in an affine algebraic variety, hence 
also in a projective variety X. We use now the notations from the proof of Theorem ll.il We 
set = {£ - 5 < cp ^ c} and glue the manifolds M and {X \S')UN along A^. The resulting 
manifold will be denoted by M. Hence M is a domain with compact strongly pseudoconvex 
boundary in M. 

Since S" is an affine space in some C^, we can regard the embedding of A^' = {£ — 6 < 
cp < £} in X as a map with values in C^. Now M can be compactified to a compact strongly 
pseudoconvex domain, so the extension theorem of Kohn-Rossi, applied to the components 
of this embedding, show that the embedding extends to a holomorphic map from M to C 

Pulling back the hyperplane line bundle of through this map, we obtain a line bundle 
£■ — > M which is semi-positive on M and positive on {X \ S') UN. 

A partition of unity argument delivers a Hermitian metric on M which agrees with the 
original metric CO of IntM on say {cp < £}. With respect to this metric the canonical bundle 
of M is positive on {cp < £}. Hence, the bundle L = £'*(8)^^ is positive on M for sufficiently 
large. Moreover, the curvature y/^&{L) of L dominates (0 on {cp < £} and therefore @{L) 
is a complete metric on M. The L2 estimates of Hormander-Andreotti-Vesentini [iDemOlll 
produce sections of (ByH'^iL^ ®^m) '^hat separate points and give local coordinates onM. 

On the other hand the manifold M is 1 -concave in the sense of Andreotti-Grauert (we use 
again the plurisuperharmonicity of the Busemann function on each cusp). Therefore, the 
embedding theorem of Andreotti-Tomassini [AT70| implies that the ring (ByH'^iLy ® K^) 





gives an embedding of M in some projective space P^. By IIAnd63l the projective closure of 
M in is a projective variety M of the same dimension. 

We have thus found a compactification M C P^ of M and therefore of M. The set M \ M is 
a pluripolar set, namely the set where the plurisubharmonic function —r takes the value — oo. 
By Wu's theorem IIGW79L any simply connected complete Kahler manifold of nonpositive 
sectional curvature is Stein. Hence the universal covering of M is Stein. It is then shown 
in [SY82, § 4] (using the Schwarz-Pick Lemma of Yau) and in |MD02, Theorem 1.3] (using 
Wermer's theorem) that M \ M is an exceptional analytic set in the sense of Grauert IGra621 
Definition 3, p. 341]. 

More precisely, let us consider the compact strongly pseudoconvex domain V =M\{X\S') 
which compactifies M. By [Gra62, Satz 3, p. 338] there exists a maximal nowhere discrete 
analytic set A of V and by [iGra62 , Satz 5, p. 340] there exists a Remmert reduction n:V ^V', 
which blows down A to a discrete set of points. Here V' is a normal Stein space with at most 
isolated singularities. Then n{M \M) = n{V \M) is a subset of SingV' and each point of 
7r(M \ M) compactifies one of the ends Ei, of M \ t/. Thus M\M consists of those 

components of A obtained by blowing-up points in 7l(M \ M) . □ 

Proof of Corollarv U .3\ As is well known, the limit set A is the set of accumulation points 
of any orbit T ■ x, x E B, and is a closed F-invariant subset of the sphere at infinity dB. The 
complement 35 \ A is precisely the set of points at which F acts properly discontinuously, 
and the space M U (dB \ A) /F is a manifold with boundary {dB \ A) /F (see for example 
IIE0731 §10]). A is a compact subset of this boundary, hence there is a neighborhood E 
of A in M which is diffeomorphic to the product A x (0, 1). It follows that E is an end 
of M, because A is compact and connected. Actually, £ is a strongly pseudoconvex end, 
in the sense that its boundary A at infinity is strictly pseudoconvex. Since M = 5/F is a 
complete manifold with sectional curvature pinched between —4 and —1, Corollary 1 1.3l is an 
immediate consequence of Theorem ll.2l □ 

Remark 4.1. By IINR981 Theorem 4.2] the following holds: 

Theorem (Burns, Napier-Ramachandran). Let T be a torsion-free discrete group of auto- 
morphisms of the unit ball B in C" with n ^ 3 and let M = B/T. Assume that the limit set 
A is a proper subset ofdB and that the quotient {dB \ A) /F has a compact component A. 
Then M has only finitely many ends, all of which, except for the unique end corresponding to 
A, are cusps. In fact, M is diffeomorphic to a compact manifold with boundary and can be 
compactified. 

The proof is based on IINR981 Theorem 4.1] which shows that the finite volume hypothesis 
of Corollary II. 31 is automatically satisfied in the case n ^ 3. The presence of the strongly 
pseudoconvex boundary forces the volume to be finite, since dM is then embeddable by 
HBdMYS L having real dimension at least 5. 

If n = 2 we have to assume the volume to be finite in order to obtain the embedding of 
the boundary. It is interesting to ask whether Bums' theorem holds also in dimension 2 or, 
equivalently, whether the compact strongly pseudoconvex component of a set {dB \ A) /F is 
embeddable for all torsion-free discrete groups of automorphisms of the unit ball 5 in C^. 

5. Embedding of Sasakian 3-manifolds 

5.1. Sasakian manifolds. In this section, we explain some well known facts about Sasakian 
manifolds. Let X be a strictly pseudoconvex CR manifold, with compactible complex struc- 
ture 7, and compactible contact form 0. This allows us to define a Riemannian metric on 



X given by 

gQ{.,.)=dQ{.J.) + d{.)Q{.). 
Let R be the Reeb vector field associated to 0, defined by 

IrQ = 1 , iRdQ = 0. 

Associated to the data (Z,0,i?,7,ge)> there is a canonical connection V on TX, called the 
Webster connection (see Tanaka IITan75ll and Webster ||Web78J), which is the unique affine 
connection on TX such that 

(1) Vge = O,V7 = O,V0 = O. 

(2) For any u, v in the Levi distribution H, the torsion T of V satisfies r(M, v) — dB{u, v)R 
and T{RJu)=JT{R,u) 

In particular, the torsion of the Webster connection cannot vanish identically. However, we 
have the following definition 

Definition 5.1. A strictly pseudoconvex manifold is called a Sasakian manifold if the torsion 
of its Webster connection in the direction of the Reeb vector field vanishes, i.e. T{R,.) = 
with the notations above. 

Examples of compact Sasakian manifolds are the unit sphere in C" or the Heisenberg 
nilmanifold (see Urakawa [Ura93|). Sasakian 3 -manifolds were classified up to diffeomor- 
phism by H. Geiges [Gei97|. They were further studied by F. Belgun in IBe lOTl : every 
Sasakian 3— manifold is obtained as a deformation of some standard model (see HBelOll for 
more details). 

5.2. Asymptotically complex hyperbolic manifolds. In IIBH02I . O. Biquard and M. Her- 
zlich consider a class of manifolds which are modelled on the complex unit ball, and are thus 
called asymptotically complex hyperbolic. This construction will allow us to get an embed- 
ding theorem for Sasakian manifolds, but let us first recall what an asymptotically complex 
hyperbolic manifold is. 

Let X be a (2m— 1)— dimensional compact manifold, m ^ 2. We assume that X has a 
strongly pseudoconvex CR-structure. Let be a compatible contact form, and J a compatible 
almost complex structure. y(.,.) := <i0(.,7.) is then a metric on the contact distribution. 
Following Biquard and Herzlich [BH02|, we endow Q := (0,°°) x X with the metric 

(5.1) g = dr^ + e-^''Q^ + e-''y. 

Actually, in IIBH02I . the authors consider the metric dr^ + e^'^Q^ + e^y on Q., but the reason 
for our choice will become clear later. 

We can extend the almost complex structure to act on the whole tangent bundle as follows. 
Consider the Reeb vector field R and define 

Jdr = e'R, 

where dr is the unit vector field in the r direction, g is then a Hermitian metric with respect 
to y, i.e. J is an isometry. The fundamental 2— form associated to g is 

(5.2) (i) = d{e-'Q). 

Although (0 is a closed form, in this general setting, ( (0, oo) x X, g) is not necessarily a Kahler 
manifold, because J is not necessarily an integrable almost complex structure. Indeed, the 
proof of I.BH02 , Proposition 3.1] shows that J is integrable if and only if the torsion of the 
Webster connection of (X,0) in the direction of the Reeb vector field vanishes identically, 
i.e. if and only if X is a Sasakian manifold (see Definition 15. II) . 



From now on, X will be a Sasakian manifold, so that g) is a Kahler manifold. Note that 
T] := e^Q is a bounded 1— form, hence the Kahler form (15.21) associated to g is <i(bounded). 
In particular, by Proposition 12.31 the operator (3 + 3 )^ on (fl,^) is Fredholm in bidegree 
(0, 1) if dimftX ^ 3. Moreover, we can also write 

CO = -2v^33r, 

so that Q has a stromgly pseudoconvex boundary {0} x X (this explains the choice of sign 
of the r variable for g in (15.11) : with our choice, Q. has a strongly pseudoconvex bound- 
ary, whereas with the choice of [BH02I Q. has a strongly pseudoconcave boundary). From 
Theorem 1 1.1 1 we can conclude: 

Theorem 5.2. Let X be a Sasakian manifold of dimension at least 3. Then there is a CR 
embedding ofX in for some integer N. 

Remark. The function — r : — > (— oo,0) is a proper smooth strictly plurisubharmonic 
function. Therefore Q is a hyperconcave end, and our theorem is also a direct consequence 
of IIMD()2I . 

References 

[And63] A. Andreotti, Theoremes de dependance algebrique sur les espaces complexes pseudo-concaves. 

Bull. Soc. Math. France 91 (1963), 1-38. 
[Ang93] N. Anghel, An abstract index theorem on noncompact Riemannian manifolds, Houston J. Math. 19 

(1993), no. 2, 223-237. 

[AS70] A. Andreotti and Y.-T. Siu, Projective embedding of pseudoconcave spaces, Ann. Scuola Norm. Sup. 

Pisa (3) 24(1970), 231-278. 
[AT70] A. Andreotti and G. Tomassini, Some remarks on pseudoconcave manifolds. Essays on Topology 

and Related Topics (Memoires dedies a Georges de Rham), Springer, New York, 1970, pp. 85-104. 
[BGS85] W. Ballmann, M. Gromov, and V. Schroeder, Manifolds of nonpositive curvature. Progress in Math- 
ematics, vol. 61, Birkhauser Boston Inc., Boston, MA, 1985. 
[BelOl] F. Belgun, Normal CR structures on compact 3-manifolds, Math. Z. 238 (2001), no. 3, 441^60. 
[BH02] O. Biquard and M. Herzlich, A Burns-Epstein invariant for ACHE 4— manifolds. Pre-print, 

arXiv:math.DG/01 11218 to appeal- in Duke Math. J., 2002. 
[BE96] J. Bland and C. L. Epstein, Embeddable CR-structures and deformations of pseudoconvex surfaces. 

I. Formal deformations, J. Algebraic Geom. 5 (1996), no. 2, 277-368. 
[BdM75] L. Boutet de Monvel, Integration des equations de Cauchy-Riemann induites formelles, Seminaire 

Goulaouic-Lions-Schwartz 1974-1975; Equations aux derivees partielles lineaires et non lineaires. 

Centre Math., Ecole Polytech., Pai'is, 1975, pp. Exp. No. 9, 14. 
[BE90] D. M. Burns and C. L. Epstein, Embeddability for three-dimensional CR-manifolds, J. Amer. Math. 

Soc.3(1990),no. 4, 809-841. 
[Bur79] D. M. Burns, Global behavior of some tangential Cauchy-Riemann equations. Partial differential 

equations and geometry (Proc. Conf., Park City, Utah, 1977), Lecture Notes in Pure and Appl. 

Math., vol. 48, Dekker, New York, 1979, pp. 51-56. 
[DemOl] J. -P. Demailly, Complex analytic and differential geometry, published online at www-fourier.ujf- 

grenoble.frrdemailly/lectures.html, 2001 . 
[Ebe80] P. Eberlein, Lattices in spaces of nonpositive curvature, Ann. of Math. (2) 111 (1980), no. 3, 435- 

476. 

[E073] P Eberlein and B. O'Neill, Visibility manifolds. Pacific J. Math. 46 (1973), 45-109. 

[EHOO] C. L. Epstein and G. M. Henkin, Stability of embeddings for pseudoconcave surfaces and their 

boundaries. Acta Math. 185 (2000), no. 2, 161-237. 
[Fal92] E. Falbel, Nonembeddable CR-manifolds and surface singularities. Invent. Math. 108 (1992), no. 1, 

49-65. 

[Gei97] H. Geiges, Normal contact structures on 3-manifolds, TohokuMath. J. (2) 49 (1997), no. 3, 415^22. 
[Gra62] H. Grauert, Uber Modifikationen und exzeptionelle analytische Mengen, Math. Ann. 146 (1962), 
331-368. 



[GW79] R. E. Greene and H. Wu, Function theory on manifolds which possess a pole. Lecture Notes in 

Mathematics, vol. 699, Springer, Berlin, 1979. 
[Gro91] M. Gromov, Kahler hyperbolicity and Li-Hodge theory, J. Differential Geom. 33 (1991), no. 1, 

263-292. 

[HL75] F. R. Harvey and H. Blaine Lawson, Jr., On boundaries of complex analytic varieties. I, Ann. of 

Math. (2) 102 (1975), no. 2, 223-290. 
[HIH77] E. Heintze and H.-C. Im Hof, Geometry of horospheres, J. Differential Geom. 12 (1977), no. 4, 

481^91 (1978). 

[Heu86] D. Heunemann, Extension of the complex structure from Stein manifolds with strictly pseudoconvex 

boundary. Math. Nachr 128 (1986), 57-64. 
[KR65] J. J. Kohn and H. Rossi, On the extension of holomorphic functions from the boundary of a complex 

manifold, Ann. of Math. (2) 81 (1965), 451^72. 
[Lem95] L. Lempert, Algebraic approximations in analytic geometry. Invent. Math. 121 (1995), no. 2, 335- 

353. 

[MD02] G. Marinescu and T-C. Dinh, On the compactification of hyperconcave ends and the theorems of 

Siu-Yau and Nadel, Preprint, arXiv:math.CV/0210485 2002. 
[NT88] A. Nadel and H. Tsuji, Compactification of complete Kahler manifolds of negative Ricci curvature, 

J. Differential Geom. 28 (1988), no. 3, 503-512. 
[NR98] T. Napier and M. Ramachandran, The d-method, weak Lefschetz theorems, and the topology of 

Kahler manifolds, J. Amer. Math. Soc. 11 (1998), no. 2, 375-396. 
[Nar60] R. Narasimhan, Imbedding of holomorphically complete complex spaces, Amer J. Math. 82 (1960), 

917-934. 

[Ohs84] T. Ohsawa, Holomorphic embedding of compact s.p.c. manifolds into complex manifolds as real 
hyper surf aces. Differential geometry of submanifolds (Kyoto, 1984), Lecture Notes in Math., vol. 
1090, Springer, Berlin, 1984, pp. 64-76. 

[Ros65] H. Rossi, Attaching analytic spaces to an analytic space along a pseudoconcave boundary, Proc. 
Conf. Complex Analysis (Minneapolis, 1964), Springer, Berlin, 1965, pp. 242-256. 

[SY82] Y. T. Siu and S. T. Yau, Compactification of negatively curved complete Kahler manifolds of finite 
volume. Seminar on Differential Geometry, Ann. of Math. Stud., vol. 102, Princeton Univ. Press, 
Princeton, N.J., 1982., pp. 363-380. 

[Tan75] N. Tanaka, A differential geometric study on strongly pseudo-convex manifolds, Kinokuniya Book- 
Store Co. Ltd., Tokyo, 1975, Lectures in Mathematics, Department of Mathematics, Kyoto Univer- 
sity, No. 9. 

[Ura93] H. Urakawa, Variational problems over strongly pseudoconvex CR manifolds. Differential geometry 
(Shanghai, 1991), World Sci. Pubhshing, River Edge, NJ, 1993., pp. 233-242. 

[Web78] S. M. Webster, Pseudo-Hermitian structures on a real hypersurface, J. Differential Geom. 13 (1978), 
no. 1,25^1. 

[Yeg04] Nader Yeganefar, L?-cohomology of negatively curved Kahler manifolds of finite volume. Preprint, 
arXiv:math.DG/0402056 2004. 

Humboldt-Universitat zu Berlin, Institut fur Mathematik, Unter den Linden 6,10099 
Berlin, Germany 

E-mail address: georgeSmathematik . hu-berlin . de 

Universite de Nantes, Departement de Mathematiques, 2 rue de la Houssiniere, BP 
92208, 44322 NANTES CEDEX 03, France 

E-mail address: nader . yeganef arOmath . univ-naxites . f r 



